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Abstrat
We onsider single-le diusion in an open system with two speies A,B of partiles. At the
boundaries we assume dierent reservoir densities whih drive the system into a non-equilibrium
steady state. As a model we use an one-dimensional two-omponent simple symmetri exlusion
proess with two dierent hopping rates DA,DB and open boundaries. For investigating the dy-
namis in the hydrodynami limit we derive a system of oupled non-linear diusion equations for
the oarse-grained partile densities. The relaxation of the initial density prole is analyzed by
numerial integration. Exat analytial expressions are obtained for the self-diusion oeients,
whih turns out to be length-dependent, and for the stationary solution. In the steady state we nd
a disontinuous boundary-indued phase transition as the total exterior density gradient between
the system boundaries is varied. At one boundary a boundary layer develops inside whih the
urrent ows against the loal density gradient. Generially the width of the boundary layer and
the bulk density proles do not depend on the two hopping rates. At the phase transition line,
however, the individual density proles depend strongly on the ratio DA/DB . Dynami Monte
Carlo simulation onrm our theoretial preditions.
Keywords: Driven diusive systems (Theory), Exa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hasti partile dynamis (Theory)
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I. INTRODUCTION
Single-le diusion ours when a random motion of partiles is onned to a narrow
hannel where they annot pass eah other due to hard-ore repulsion. Examples for this
behaviour inlude moleules diusing in the hannels of ertain zeolites [1, 2, 3℄, transport
of olloidal spheres in one-dimensional hannels [4℄, or the dynamis of defets inside the
tube to whih entangled polymers are onned [5℄. Also biologial motors moving along
maromoleules or mirotubuli exhibit single-le motion, see e.g. [6, 7, 8℄ and referenes
therein. Single-le diusion is an eetively one-dimensional many-body random proess
whih exhibits intriguing orrelation eets. It is known for a long time that the mean-square
displaement of a tagged partile grows subdiusively for late times with the square root of
time [9℄, see also [10℄ for an insightful theoretial derivation. Also marosopi stationary
properties in open systems, driven by an external gradient of the hemial potential shows
interesting long-range orrelations even if the interation between partiles is stritly loal
[11, 12, 13℄. This implies failure of Onsager theory and indiates strong non-equilibrium
behaviour.
So far most theoretial treatments of single-diusion have foussed on indistinguishable
partiles. The referene model for this proess is the one-dimensional symmetri exlu-
sion proesses (SEP), a lattie model where hard-ore partiles hop randomly to nearest-
neighbour sites, provided the target is empty [14, 15℄. However, already an experiment aimed
at verifying the subdiusive behaviour of a single traer partile requires to tag one or more
partiles to make them distinguishable. This is done by labelling some partiles without
hanging their diusion properties and thus orresponds to a two-speies SEP with idential
hopping rates. A rigorous treatment of the marosopi behaviour of suh a two-omponent
SEP with many tagged partiles in terms of oupled non-linear diusion equations for an
innite system was given by Quastel [16℄. A nite system with open boundaries was treated
only very reently [17℄.
More generally, however, two physially distint speies of partiles may simultaneously
move inside the same hannel. In reent measurements a mixture of toluene and propane
was adsorbed into dierent zeolites [18℄. The authors measured the temperature dependent
outow and notied a trapping eet due to single-le diusion: In zeolites with long in-
trarystalline hannels the stronger adsorbed toluene moleules ontrol due to bloking the
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outow of propane. In terms of the SEP the dierent physial properties of toluene and
propane require two dierent hopping rates. Also studying the drift veloity of an entangled
polymer in gel eletrophoresis in the framework of reptation theory neessitate a desription
of the defet dynamis in terms of two distint speies of partiles [19, 20℄.
Somewhat surprisingly the hydrodynami theory of two-omponent lattie gas models
seems quite undeveloped even though there is some reent progress [21, 22, 23℄. In [3℄ Keil
et al. review the Maxwell-Stefan theory desribing the diusive behaviour of a binary uid
mixture where the total urrent, i.e. the sum of both speies, is zero. The partile-partile
interation is taken into aount by inluding a frition between the speies being propor-
tional to the dierenes in the veloities. However, this approah is purely phenomenologial
and does not provide a link between mirosopi properties of the system and the transport
oeients entering the marosopi equation. In partiular, this approah is not adequate
for single-le diusion in a nite system where the self-diusivity of single partiles has
turned out to play an important role [17℄.
In this paper we go beyond Ref. [17℄ by onsidering a two-omponent symmetri exlusion
proess with dierent hopping rates (dened in Se. 2) and by studying not only stationary
properties but also the time evolution of the partile density and relaxation towards the
stationary state. To this end, generalizing the arguments put forward in [16℄ for idential
partiles, we onsider open boundaries where both ends of the hain are onneted to partile
reservoirs with dierent hemial potentials. We derive in Se. 3 a set of oupled nonlinear
diusion equations and we analyze the time-dependent solutions of these PDE's by numerial
integration. This is ompared with simulation data obtained from dynamial Monte-Carlo
simulations (DMCS) of the proess. In Se. 4 the stationary solution is obtained analytially
in losed form and disussed in some detail. Some onlusions are drawn in Se. 5. The
exat omputation of the self-diusion oeients for the two partile speies is presented
in the rst appendix. The seond appendix provides for self-ontainedness some tehnial
details of that derivation.
II. TWO-COMPONENT SYMMETRIC EXCLUSION PROCESS
Following [17℄ we onsider a one-dimensional lattie with L lattie sites (Fig. 1). Eah
site i an be empty or oupied by a partile of type A or B. Due to hard-ore interation
3
FIG. 1: Two-omponent symmetri exlusion model with open boundaries. Eah speies of
partiles has its own hopping rates DA, DB. At the boundaries partiles are extrated and
injeted with rates as indiated.
any site arries at most one partile. Partiles an hop to nearest neighbour sites (provided
the target site is empty) with hopping rates DA/B whih are the bare diusion oeients,
i.e., the proportionally fator in the mean-square displaement if no other partiles were
present. Jump events our after an exponentially random time whih in dynami Monte
Carlo simulations (DMCS) is modelled by random sequential update [17℄.
Let ai (bi) ount the A (B) partiles on site i. Then the densities are the ensemble-
averaged expetation values of the respetive partile oupation numbers: 〈ai〉 ≡ ρA(i),
〈bi〉 ≡ ρB(i). The probability of nding no partile at site i is 〈vi〉 = 〈1− ai − bi〉. When
we onsider a hain with open boundary onditions, partiles are injeted and removed
aording to the boundary rates αA/B, γA/B, βA/B and δA/B. So the attempt rate for an
A-partile to enter the system at the left boundary is αA. It leaves the hannel at the
left boundary with rate γA as illustrated in Fig. 1. The other boundary rates are dened
similarly.
In terms of a quantum Hamiltonian formalism [15℄ the probability distribution of the
system is represented by the probability vetor |P (t) > whih evolves in time aording to
the master equation
d
dt
|P (t) >= −H|P (t) > (1)
where the generator H has the struture
H = b1 + bL +
L−1∑
i=1
hi,i+1. (2)
For an expliit representation of the generator we assign to the three allowed single-site
states the three basis vetors
|A >≡ |1 >=


1
0
0

 , |∅ >≡ |0 >=


0
1
0

 , |B >≡ | − 1 >=


0
0
1

 (3)
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orresponding to having an A, no partile or B at site i, respetively. A onguration of the
full lattie is then represented by a tensor produt of these basis vetors. To onstrut H ,
let Ex,yk be the 3× 3 matrix with one element loated at olumn x and row y equal to one.
All other elements are zero: (Ex,yk )a,b = δx,aδy,b. The operator for annihilation (reation)
of an A-partile at site k is then a−k = E
1,2
k (a
+
k = E
2,1
k ) and for annihilation (reation)
of B is b−k = E
3,2
k (b
+
k = E
2,3
k ). Finally, the number operators are ak = E
1,1
k , bk = E
3,3
k ,
vk = 1− ak − bk. In this representation the boundary matries are
b1 = αA(v1 − a
+
1 ) + αB(v1 − b
+
1 ) + γA(a1 − a
−
1 ) + γB(b1 − b
−
1 ) (4)
bL = δA(vL − a
+
L) + δB(vL − b
+
L ) + βA(aL − a
−
L) + βB(bL − b
−
L ). (5)
Hopping in the bulk between site i and i+ 1 is generated by
hi,i+1 = DA(aivi+1 + viai+1 − a
−
i a
+
i+1 − a
+
i a
−
i+1)
+DB(bivi+1 + vibi+1 − b
+
i b
−
i+1 − b
−
i b
+
i+1). (6)
The model is now well dened. We refer to appendix A for more details on the formalism.
In [17℄ it was shown that with the hoie
αA
γA
= δA
βA
≡ µA and
αB
γB
= δB
βB
≡ µB the proess
has an unorrelated stationary equilibrium distribution with onstant loal partile densities
ρA =
αA
γA
1 + αA
γA
+ αB
γB
=
δA
βA
1 + δA
βA
+ δB
βB
(7)
ρB =
αB
γB
1 + αA
γA
+ αB
γB
=
δB
βB
1 + δA
βA
+ δB
βB
. (8)
Besides giving the equilibrium densities, these two equations above provide a reipe of how
to translate the piture of inserting and deleting partiles on boundary sites into a piture
of onstant reservoirs at the ends, see Fig. 2. One may regard the middle expression in (7)
as a left reservoir density ρ−A of A-partiles, loated at a virtual site i = 0, with whih the
system exhanges partiles by jump events with rates DA,B. Similarly, the middle expression
in (8) is a regarded as left reservoir density ρ−B of B-partiles. At the right boundary one
adds a virtual reservoir (loated at site i = L+ 1) with boundary densities ρ+A, ρ
+
B given by
the rightmost expressions in (7), (8).
In this piture, jumping from a reservoir site onto the boundary of the system ours
proportional to the respetive hopping rate and proportional to the single speies boundary
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FIG. 2: Three-state symmetri exlusion model with open boundaries  reservoir piture.
density. This parameterisation satises (7) and (8) if
αA/B = DA/Bρ
−
A/B, γA/B = DA/B(1− ρ
−
A − ρ
−
B) (9)
δA/B = DA/Bρ
+
A/B, βA/B = DA/B(1− ρ
+
A − ρ
+
B). (10)
The seond equality in (7), (8) is then the equilibrium ondition ρ−A,B = ρ
+
A,B of equal
reservoir densities or hemial potentials µ−A,B = µ
+
A,B. In a non-equilibrium setting the
left reservoir densities ρ−A, ρ
−
B are not equal to those on the right boundary (ρ
+
A, ρ
+
B). In
this boundary-driven ase the system evolves towards a stationary state with non-vanishing
partile urrents.
Notie that for periodi boundary onditions the system is highly non-ergodi not only
beause of partile number onservation, but also beause of the single-le onstraint whih
onserves the sequene of partiles. The open system, on the other hand, is ergodi beause
of the violation of the onservation of partiles at the boundaries.
III. RELAXATION
A. Hydrodynami limit
The average densities 〈ai〉 and 〈bi〉 satisfy the equations of motion
d
dt
〈ai〉 = −〈aiH〉,
d
dt
〈bi〉 = −〈biH〉. This provides the Master equations for a single site,
d
dt
〈ai〉 = DA (〈ai−1vi〉+ 〈ai+1vi〉 − 〈aivi+1〉 − 〈aivi−1〉) (11)
d
dt
〈bi〉 = DB (〈bi−1vi〉+ 〈bi+1vi〉 − 〈bivi+1〉 − 〈bivi−1〉) . (12)
At this stage we assume an innite system and do not are about boundary sites. Neverthe-
less, in this form the equations of motion are not integrable. Replaing the joint probabilities
by produts of expetation values  aording to a simple mean eld ansatz whih has been
proven useful in other exlusion proesses  fails to provide an even qualitatively orret
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desription. However, an exat equation ontaining no orrelators an be obtained from a
weighted sum
d
dt
(
〈ai〉
DA
+
〈bi〉
DB
)
= (〈ai−1〉+ 〈ai+1〉 − 2 〈ai〉+ 〈bi−1〉+ 〈bi+1〉 − 2 〈bi〉) . (13)
of the individual partile densities.
The right-hand side ontains a seond-order dierene for both speies individually.
Coarse-graining, i.e., replaing i by the ontinuous variable x = i
a
and introduing ρA(x, t),
ρB(x, t) as the A, B-partile density at x, transforms (13) (for vanishing lattie onstant a)
into the marosopi equation
∂t
(
ρA(x, t)
DA
+
ρB(x, t)
DB
)
= ∂2x(ρA(x, t) + ρB(x, t)). (14)
Here we used diusive resaling of the time-oordinate. Notie for the hydrodynami limit
(14) to be valid we impliitly use good loal ergodi properties in the identiation of the
lattie expetation with the oarse-grained determinist partile density. The weighted den-
sity on the l.h.s. of (14) and the total density on the r.h.s. reappear in the omputations
below and for notational simpliity we introdue
ρ(x, t) = ρA(x, t) + ρB(x, t)σ(x, t) =
ρA(x, t)
DA
+
ρB(x, t)
DB
(15)
whih redues to σ = ρ/D for equal single-partile diusion oeients DA = DB ≡ D.
The linear equation (15) does not provide a full desription of the oarse-grained dynam-
is. To ahieve this goal we generalize the approah of [16℄ and make an ansatz for the
dynamis of a single partile (of speies A or B) loalized at position x. This test partile
ats as a traer partile in the bakground of other partiles, with a diusive motion par-
tially determined by its self-diusion oeient. Additionally, the test partile is subjet to
a bakground drift b aused by the olletive evolution of the entire system towards station-
arity. A priori the self-diusion oeient for the two speies of partiles ould be dierent.
However, due to the single-le ondition the long-time dynamis of a traer partile is en-
tirely determined by the bakground of other partiles whih is the same for both speies.
Hene we expet idential self-diusion oeients Ds [24℄. This physial piture leads us
to the ansatz
∂tρA(x, t) = ∂
2
xDsρA(x, t)− ∂xb(x, t)ρA(x, t) (16)
∂tρB(x, t) = ∂
2
xDsρB(x, t)− ∂xb(x, t)ρB(x, t). (17)
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for the time evolution of the oarse grained partile densities. The drift term b an then be
determined by using (14)
b =
1
σ
∂x(Dsσ − ρ). (18)
In an innite system the self-diusion oeient vanishes, as is indiated by the subdiu-
sive nature of single-le diusion whih was proved rigorously for traer diusion in the SEP
in [25℄. However, as argued in [17℄ we expet that in a nite system with open boundaries
orretion terms of leading order 1/L appear. This is onrmed by the exat result
Ds =
1
L
1− ρ
σ
(19)
derived in Appendix A for a periodi system. Introduing the two-omponent loal order
parameter
~ρ =

 ρA
ρB


(20)
nally leads to the oupled nonlinear diusion equation
∂t~ρ = ∂x
(
Dˆ∂x~ρ
)
(21)
with the diusion matrix
Dˆ =
1
σ



 ρA ρA
ρB ρB

+Ds

 ρBDB − ρADB
− ρB
DA
ρA
DA



 . (22)
This equation provides a omplete desription of the density dynamis in the hydrodynami
limit. For given initial density proles the solution of (16), (17) is uniquely deternined.
Notie that for an innite system where Ds = 0 the diusion matrix Dˆ has a vanishing
eigenvalue. For DA = DB (16) and (17) redue to the oupled nonlinear diusion equations
proved rigorously in [16℄.
B. Time evolution of density proles
We have no analytial expression for the solution of the system (21), but numerial
integration an be performed to great auray using standard routines. We rst study
the ase of equal hopping rates DA = DB. This ase is similar to the traer diusion
8
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FIG. 3: Density proles of the A(B)-omponent (upper/lower urve) at dierent MC times
for a system (L = 200) with equal diusion oeients. Snapshots are taken at a) t = 0, b)
t = 5000, ) t = 50000, d) t = 400000. The system relaxes towards the equilibrium state
given by the reservoir densities ρ
+/−
A/B = 0.3. Symbols denote densities obtained from
DMCS. Full lines ome from numerial integration of the diusion equation.
investigated in [27℄. Fig. 3 shows the penetration of traer partiles into the system with
lattie size L = 200 at four dierent times. Full lines are solutions of (21) obtained from
numerial integration. Cirles indiate the numerial DMCS densities. Initially, the lattie
is prepared with a uniform distribution of B-partiles and very few A-partiles. The smooth
drop of the initial A-partile prole at the edges was hosen for faster numerial integration.
The boundary reservoir densities are ρ−A = ρ
+
A = ρ
−
B = ρ
+
B = 0.3. For all instanes of
time the numerial integration shows a rather satisfying ollapse with the proles obtained
from Monte Carlo simulation. Any DMCS in this work was averaged over at least 10000
realizations.
It is remarkable that the PDEs desribe the intermediate attening at the boundary (see
e.g. Fig. 3) of the A-partile prole whih was observed for the rst time in [27℄. It is also
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interesting that the spatial mean density of B-partiles rst grows before it relaxes to its
equilibrium value 0.3. The explanation omes from the hydrodynami equation (14) whih
states that the total density prole, i.e. the sum of both speies, evolves aording to an
ordinary diusion equation. Hene, the relaxation to equilibrium is proportional to L2, in
ontrast to the muh slower relaxation time of order L3 of the individual omponents. The
B-partiles ompensate the A-partile prole until both reah equilibrium.
As a seond example we onsider the relaxation of a mixed system with heavy B partiles
and light A-partiles where DA/DB = 5. For Fig. 4 a)-) we have hosen a model with
L = 250, and reservoir densities ρ−A = ρ
+
A = ρ
−
B = ρ
+
B = 0.3 as before. The agreement
between simulation and integration in the viinity of the boundary is not as good as for traer
partiles. Nevertheless, omparing the simulation results for the smaller lattie (L = 100)
shown in d) with the results for the larger lattie shown in ) suggests that the deviations
are nite-size eets. We do not have a theory of nite-size eets beyond the leading 1/L-
orretion to the self-diusion oeient. Therefore we do not pursue this issue further.
C. Small diusion rate for one of the speies
We disuss the ase where one of the speies, say B, is very heavy and has a vanishing
hopping rate DB → 0. In this ase even the open system is not ergodi and the stationary
state to whih the system relaxes depends on the initial distribution of A and B-partiles. B-
partiles just remain at their initial position and the equilibrium A-partile density between
two B's is just their loal initial density. Let us now assume an initial state without any B-
partiles in the hannel and let the reservoir densities be non-vanishing with ρA = ρ
−
A = ρ
+
A
and ρB = ρ
−
B = ρ
+
B. For the ase of stritly vanishing hopping rate DB = 0 both injetion
rates of B-partiles at the boundaries vanish and therefore no B-partiles ever enter the
system. Then the bulk dynamis follow the rules of the single-speies SEP, but an anomaly
omes from the fat that injetion of A-partiles is proportional to the A-partile density
whereas the outgoing rate ours aording to the hole density whih involves the reservoir
density ρB 6= 0. Hene, A-partiles do not equilibrate towards ρA (as expeted from the
single-speies SEP) but reah a higher value:
ρDB=0A =
αA
αA + γA
=
δA
δA + βA
=
ρA
1− ρB
. (23)
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FIG. 4: Snapshots of the density proles for a system with L = 250, DA/DB = 5 and open
boundary onditions with reservoir densities ρ
+/−
A/B = 0.3. MC times are a) t = 0, b)
t = 10000, ) t = 50000. Cirles denote densities obtained from DMCS. Full lines ome
from numerial integration of the hydrodynami equation. The stronger disrepany
between simulation data and integration shown in Fig. d) for L = 100 and t = 5000
demonstrates signiant nite size eets.
Notie that any ratio ρDB=0A /ρA > 1 an be ahieved provided ρB and DA are large enough.
This leads to an interesting onlusion for small but non-vanishing 0 < DB ≪ DA/L
2
.
Then hannel is in a quasi-equilibrium with A-partiles (with density (23)) before eventually
a B-partile enters the system. Only very slowly both speies start to relax to their om-
mon equilibrium state and one expets the A prole to initially exeed its true equilibrium
value ρA, up to some maximal value whih is bounded by the maximal density (23). This
overshooting is indeed observed in simulation, see Fig. 5 for the time evolution of the spatial
mean densities. Initially the system (L = 50) is almost empty and the partiles are injeted
and removed at the boundaries aording to the reservoir densities ρ
+/−
A/B = 0.3. The ratio of
the diusion oeient is DA/DB = 30. One an learly see the exess of A-partiles whih
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FIG. 5: Mean density of A and B-partiles as a funtion of MC steps. The relaxation
towards the equilibrium values ρ
+/−
A/B = 0.3 was started from an almost empty lattie
(L = 50).
disappears only very slowly.
IV. STEADY STATE BEHAVIOUR
A. Finite L
In the steady state the time derivative in the diusion equation (21) vanishes and from
(14) we obtain the integration onstant
∂xρ = −c. (24)
In terms of the individual stationary partile urrents we have c = jA/DA + jB/DB. Inte-
gration yields the stationary total density prole ρ = ρA + ρB
ρ(x) = ρ− +
ρ+ − ρ−
L
x (25)
in terms of the boundary values ρ±. In terms of the boundary densities the integration
onstant is therefore given by
c = −
ρ+ − ρ−
L
. (26)
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In order to ompute the density prole of the A-speies we introdue
h(x) ≡
ρA(x)
σ(x)
=
DBρA(x)
ρ(x)−
(
1− DB
DA
)
ρA(x)
. (27)
Given h both ρA and ρB an be omputed from (25). Using the self-diusion oeient (19),
the stationarity ondition for ρA beomes
1
L
∂x [(1− ρ)h] +
(
1 +
1
L
)
h∂xρ = −jA (28)
with an integration onstant jA proportional to the urrent of A-partiles. Using the linearity
of the total density prole this yields
1− ρ(x)
L
h′(x)− ch(x) + jA = 0. (29)
where the prime denotes the derivative w.r.t. x.
This dierential equation is straightforwardly integrated and one nds
h(x) = h− −
h− − h+
1−
(
1−ρ+
1−ρ−
)L
[
1−
(
1−
ρ+ − ρ−
1− ρ−
x
L
)L]
. (30)
Here we have introdued the boundary value
h± =
ρ±A
ρ±A
DA
+
ρ±B
DB
. (31)
Solving for the density prole of A-partile then yields
ρA(x) =
[
ρ− + (ρ+ − ρ−)
x
L
] h(x)
DB +
(
1− DB
DA
)
h(x)
. (32)
The integration onstant jA is given in terms of boundary densities by
jA =
h+ (1− ρ−)L − h− (1− ρ+)L
(1− ρ−)L − (1− ρ+)L
ρ− − ρ+
L
. (33)
Generially this quantity is of order 1/L, up to orretions whih are exponentially small in
system size as long as ρ− 6= ρ+.
For vanishing reservoir gradient ρ+ = ρ− ≡ ρ we have c = 0. This yields a linear funtion
h(x) = h− − (h− − h+)
x
L
(34)
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and nonlinear density prole
ρA(x) =
ρ−A
[
1−
(
1− DB
DA
)
ρ+A
ρ
]
+
(
ρ+A − ρ
−
A
)
x
L
1−
(
1− DB
DA
)
ρ+A
ρ
+
(
1− DB
DA
)
ρ+A−ρ
−
A
ρ
x
L
. (35)
The urrent of A-partiles
jA =
1− ρ
L2
(
h− − h+
)
(36)
is only of order 1/L2, as opposed to the generi 1/L dependene. For the total partile
urrent we nd
j ≡ jA + jB =
ρ(1 − ρ)
L2
(
ρ+A − ρ
−
A
) (
D−1A −D
−1
B
)
σ+σ−
=
ρ
L
(D−s −D
+
s ) (37)
whih is also of order 1/L2. We remark that this urrent is proportional to the boundary
gradient of the self-diusivity.
B. Phase transition in the thermodynami limit
The expression for the A-partile density derived for nite L is umbersome. Rather
interesting behaviour emerges from an analysis of the thermodynami limit L → ∞. To
leading order in 1/L we nd
jA =


ρ+A
ρ
+
A
DA
+
ρ
+
B
DB
ρ−−ρ+
L
for ρ− < ρ+
ρ−A
ρ
−
A
DA
+
ρ
−
B
DB
ρ−−ρ+
L
for ρ− > ρ+
(38)
Hene, as one expets, the A-urrent is always opposite the total reservoir gradient ∆ρ ≡
ρ+ − ρ−, but it hanges in a non-analyti fashion at ρ− = ρ+ where it vanishes to leading
order in 1/L, see (36). For positive reservoir gradient ∆ρ the amplitude of A-urrent is
governed by the reservoir density at right boundary, otherwise by the left boundary.
A nonanalytiity at ∆ρ = 0 appears also in the behaviour of the density. Using
limL→∞(1− ax/L)
L = e−ax yields the following behaviour.
Case 1, ρ− < ρ+: Straightforward algebra turns (30) into
h(x) = h+ + (h− − h+)e−x/ξ (39)
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with loalization length
ξ =
[
ln
ρ+ − ρ−
1− ρ−
]−1
. (40)
This gives
ρA(x) =
[
ρ− + (ρ+ − ρ−)
x
L
] h+ + (h− − h+)e−x/ξ
DB +
(
1− DB
DA
)
[h+ + (h− − h+)e−x/ξ]
. (41)
For large distane x ≫ ξ from the left boundary the funtion h approahes a onstant
and the density prole of A-partiles beomes proportional to the total density
ρA(x)→
ρ+A
ρ+
ρ(x). (42)
Therefore at large distane from the boundary the density of eah speies beomes a linear
funtion. The exponentially deaying deviation from linearity marks the ourrene of a
boundary layer of width ξ at the left boundary. Boundary layers in two-omponent systems
with open boundaries were previously observed in [17, 26℄ and in earlier work [27, 28℄. The
asymptoti spae-averaged mean density
ρ¯A = lim
L→∞
1
L
∫ L
0
dxρA(x) (43)
takes the value
ρ¯A =
ρ+A
ρ+
ρ+ + ρ−
2
(44)
whih is independent of DB/DA.
Case 2, ρ− > ρ+: The omputation for negative reservoir gradient ∆ρ < 0 is analogous and
all results an be obtained from Case 1 by interhanging (+,−) and (x, L− x). One nds
h(x) = h− − (h− − h+)e−(L−x)/ξ (45)
with loalization length
ξ =
[
ln
ρ− − ρ+
1− ρ+
]−1
. (46)
This orresponds to a boundary layer at the right boundary of the system. For large distane
L−x≫ ξ from the right boundary the funtion h approahes a onstant and the the density
prole of A-partiles beomes proportional to the total density
ρA(x)→
ρ−A
ρ−
ρ(x) (47)
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Correspondingly one has
ρ¯A =
ρ−A
ρ−
ρ+ + ρ−
2
(48)
Therefore the mean density as a funtion of the reservoir gradient ∆ρ has a jump disonti-
nuity at ∆ρ = 0. In eah of the two phases it is ontrolled by the boundary whih does not
exhibit the boundary layer.
V. CONCLUSIONS
The paper is dediated to a detailed quantitative investigation single-le diusion with
two speies of partiles in an open system. Adapting ideas from the probabilisti hydro-
dynami approah and using information from the mirosopi master equation lead us to
derive a nonlinear diusion equations for the evolution of the marosopi partile densities.
We ompute the exat self-diusion oeients Ds for the two speies whih are equal and
of order 1/L. Hene they vanish in the hydrodynami limit, in agreement with the subdiu-
sive behaviour of single-le diusion. However, setting Ds = 0 renders the diusion matrix
singular (with a vanishing eigenvalue) and the boundary-value problem beomes overdeter-
mined. Therefore we onlude that Ds is required for regularization. By use of numerial
integration and Monte Carlo simulation the relaxation for the two speies towards equi-
librium is analysed. The very slow relaxation of the individual partile speies is aeted
by a fast relaxation of the sum of both speies. The density of the fast speies reahes a
maximum before it starts to relax slowly to its atual equilibrium value. From the diusive
nature of the olletive behaviour we onlude that the olletive relaxation time is of order
L2. The 1/L-behaviour of the self-diusion oeient then implies single-speies relaxation
times of order L3.
The diusion equations are solved analytially for the stationary ase. There is a
boundary-indued non-equilibrium phase transition of rst order. This transition resem-
bles a similar transition observed in previous work [17℄ in so far as (i) this transition ours
when there is no gradient in the reservoir densities ρ+, ρ− and (ii) the transition is aompa-
nied by a disontinuous hange of the position of the boundary layer from one boundary to
the other. However, a detailed analysis of our results reveals some interesting new features.
Neither the width of the boundary layer nor the stationary bulk density proles (42) depend
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on the ratio DB/DA inside the two phases. At the phase transition line ∆ρ = 0, however,
the individual density proles are strongly sensitive to the ratio DB/DA. Unlike in the ase
of equal hopping rates the total partile urrent j does not vanish, even though the total
density ρ = ρA + ρB is onstant and equal to the reservoir densities. In terms of urrents
the phase transition ours when the weighted urrent c = jA/DA + jB/DB vanishes.
Boundary layers are known to our also in bulk-driven lattie gases and have been
analyzed in some detail in a series of reent papers [29, 30, 31℄. They arise as a onsequene
of short-range orrelations or beause of the ourrene of shoks. They have a mirosopi
width whih is nite on lattie sale and hene leads to a boundary disontinuity when
under hydrodynami saling the lattie spaing is sent to zero. This is ontrast to the
boundary layers observed here whih remains nite even for vanishing lattie spaing. Sine
there are no shoks in purely boundary-driven system, a possible explanation for the origin
of the boundary layers ould be the presene of long-range orrelations in the stationary
distribution.
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APPENDIX A: EXACT TWO-SPECIES SELF-DIFFUSION COEFFICIENTS ON
A FINITE LATTICE
The self-diusion oeient is dened to be proportional to the asymptoti variane of
the displaement x(t). More preisely, we dene
Ds =
1
2
lim
t→∞
d
dt
(〈
x2
〉
− 〈x〉2
)
. (A1)
of a tagged partile in innite spae. For an equilibrium system not driven by external fores
one has 〈x〉 = 0 and the variane redues to the mean square displaement 〈x2〉. For nite
time one annot generally expet Ds to be onstant (anomalous diusion), in partiular for
single-le systems with one speies of partiles Ds vanishes asymptotially as t
−
1
2
, see [9, 10℄,
and for a mathematially rigorous proof for the SEP [25℄.
For a nite system dened on a ring with periodi boundary onditions the denition
(A1) beomes meaningless. For a lattie model we onsider instead the number of jumps x+
in positive diretion (say, lokwise) and the number of jumps x− in the opposite diretion.
As displaement we then dene the quantity x = x+ − x−. The diusion oeient may
then be dened by (A1). In a periodi single-le system with L sites Ds is nite even for
t → ∞ and is proportional to 1/L [10℄. In the two-omponent symmetri simple exlusion
proess we one at rst sight sight expet two dierent self-diusion oeients DsA and DsB
for the A and B partiles, respetively. In this setion we show that DsA = DsB ≡ Ds by
an exat alulation for t→∞ for a nite system with periodi boundary onditions. The
alulation is done via a mapping of the exlusion proess to the zero range proess (ZRP)
as follows.
In the lattie gas piture the state of the system with length L is haraterized by a set
of L oupation numbers y = (y1, ..., yL) eah of whih an take values −1 (B-partile), 1
(A-partile) or 0 (vanany). One denes a dierent lattie by labelling the N partiles as
illustrated in Fig. 6. The individual labels orrespond to the site number of the new lattie
whih, therefore, is of length N . Let s = (s1, ..., sN) be the onguration of the new lattie.
Then si = 0, 1, 2, .., ounting the number of partiles at site i is dened as the number
of empty sites to the right of partile i in the SEP. This yields a partile system without
exlusion, named zero range proess (ZRP) [32℄. A jump of partile i in the SEP to the
right indues a jump of a partile loated on site i of the ZRP to site i − 1. Similarly, a
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FIG. 6: Mapping of the SEP with two speies of partiles to the ZRP. Partiles in the SEP
orrespond to sites in the ZRP and interpartile distanes orrespond to oupation
numbers. The partile hopping rate in the SEP maps to a hopping rate aross bonds as
indiated.
jump to the left in the SEP orresponds to a jump from i− 1 to i in the ZRP. The dierent
hopping rates DA, DB assigned to a partile in the SEP are translated into dierent hopping
rates aross bonds in the ZRP. The symmetry in hopping of the SEP is translated into a
symmetri hopping aross a bond.
In order to proeed with the alulation of the A-partile self-diusion oeient we tag an
A-partile and without loss of generality label it by zero. Let us now trak the displaement
of this partile set x(0) = 0. Then the displaement x(t) for the partile loated on the ring
is the number of jumps to the left minus the number of jumps to the right, performed within
the time span 0 and t. In terms of the ZRP this number orresponds to the total partile
urrent aross bond (0, 1). The loation of a tagged partile is thus given by ounting the
number of jumps aross a xed bond in the ZRP.
In order to set up the generator for the ZRP we dene the single-site basis vetors for site
i as follows: An innite row vetor with a '1' at the rst entry (zero elsewhere) is assigned
to having no partile at site i. Provided site i arries one partile, then a vetor with '1'
at the seond entry (zero elsewhere) is assigned and so on. The basis vetors for the entire
hain are as usual omposed by a tensor produt of the single-site vetors. A hopping event
from site i to i + 1 is desribed by the ombined ation of the reation and annihilation
matrix a+i+1 and a
−
i . See appendix B for a representation of the matries and details of the
alulation. To eah bond (i− 1, i) we need to assign a hopping rate Di = (DA, DB) whih
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orresponds to the hopping rate of the i'th partile in the SEP. This yields the following
expression for the Hamiltonian:
HZRP = −
∑
i
Di
(
a−i a
+
i+1 − di + a
+
i a
−
i+1 − di+1
)
(A2)
The diagonal part of the Hamiltonian whih ensures onservation of probability is on-
struted by the operators di. We remind the reader that the ground state of this Hamilto-
nian gives the stationary probability distribution whih is unique for given total number of
partiles in the zero-range proess.
For purposes that will immediately beome lear we also introdue a non-equilibrium
ZRP where partile hopping aross bond (0, 1) is asymmetri, i.e., a partile hops from site
0 to site 1 with a rate DAq and with rate DAq
−1
it hops from site 1 to site 0. Notie that
due to periodi boundary onditions site 0 is idential with site N . We set q = eE/2 where
E plays the role of a loal driving fore (measured in units of the thermal fator kBT ). The
generator of this driven proess may be written
HZRP (E) = HZRP + V (E) (A3)
where
V (E) = V = −DA(q − 1)(a
−
0 a
+
1 − d0)−DA(q
−1 − 1)(a+0 a
−
1 − d1). (A4)
In this system a stationary urrent j(E) will emerge. In the original SEP this modiation
orresponds to a fore ating on the tagged partile. The Einstein relation [35℄ then asserts
that
Ds = j
′(0) (A5)
where the prime denotes the derivative w.r.t. the fore E.
The proof of this relation [35℄ does not seem to be generally known and we outline the
main ideas here. In order to trak the number of jumps over bond (−1, 0) we follow the
strategy of [33℄ and introdue the ounting operators X+ and X−, ounting lokwise and
antilokwise jumps, see also [34℄ for a more general desription of ounting proesses. The
ounting operators at loally on an additional subspae with the ation
X−|k > = |k − 1 > (A6)
X+|k > = |k + 1 > . (A7)
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Traking the position of the tagged partile in the SEP is now implemented by the operator
X with eigenvalue k: X|k >= k|k >. The full Hamiltonian H = HZRP + V may be split
into a term HZRP , and a perturbation V with V = −DA(X
+−1)a−0 a
+
1 −DA(x
−−1)a+0 a
−
1 .
Due to the left-right symmetry of the hopping, 〈x(t)〉 = 0. It remains to alulate the
seond moment of the displaement x in the late-time limit
〈
x2
〉
=
〈
s|X2e−Ht|P ∗
〉
. (A8)
where |P ∗〉 is the stationary probability vetor. This omputation starts by expanding the
exponential exp(−Ht) into a time-ordered Dyson series with respet to the perturbation V
e−(HZRP+V )t = e−HZRP t
[
1−
∫ t
0
dτ1V (τ1) +
∫ t
0
dτ1
∫ τ1
0
dτ2V (τ1)V (τ2)− ...
]
(A9)
with V (τ) = eHZRP τV e−HZRP τ . When alulating the n'th moment of x any terms of or-
der than higher n vanish identially in the matrix element (A8) whih follows from the
ommutation relation [X,X±] = ±X± and 〈s|X± = 〈s|.
< x2 >= − < s|X2e−HZRP t
∫ t
0
dτ1V (τ1)|P
∗ >
+ < s|x2e−HZRP t
∫ t
0
dτ1
∫ τ1
0
dτ2V (τ1)V (τ2)|P
∗ > (A10)
and one nds
Ds = DA lim
t→∞
(
DA
2
(〈d0〉+ 〈d1〉)−DA
∫
∞
0
dt
〈
s|(d0 − d1)e
−Ht(d0 − d1)|P
∗
〉)
. (A11)
The proof of the Einstein relation (A5) is ompleted by noting that the same expression in-
volving the time-integrated urrent-orrelation funtion appears in the omputation of j′(0)
using standard rst-order time-dependent perturbation theory from quantum mehanis.
For the atual omputation of Ds we therefore need j(E) whih is omputed in the next
appendix. From (B10) we read o by taking the derivative at E = 0
Ds = z0
[∑
i=1
M − 1D−1i
]−1
(A12)
Using M = NA+NB and (B11) this yields in terms of the parameters of the two-omponent
SEP ∑
i=1
M − 1D−1i =
1
L
(
ρA
DA
+
ρB
DB
)
(A13)
from whih (19) follows.
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APPENDIX B: QUANTUM HAMILTONIAN FORMALISM FOR THE ZERO-
RANGE PROCESS
The state of a single site i is haraterized by the oupation number si. Let us rst
onne to the ase of non-onserved partile number. For the innite number of states one
hooses the vetor representation with the single-site basis vetors
|0 >=


1
0
0
.
.
.


, |1 >=


0
1
0
.
.
.


, |2 >


0
0
1
.
.
.


. (B1)
The basis vetors representing the state of the entire lattie with M is given by the tensor
produt of the single-site vetors
|η >= |s0 > ⊗|s1 > ⊗...⊗ |sM−1 > . (B2)
In this basis the operation of reating (a+i ) and deleting a partile (a
−
i ) at site i is repre-
sented by the matries
a+i =


0
1
.
.
.
.
.
.
.
.
.
1 0
.
.
.
.
.
.


a−i =


0 1
.
.
.
.
.
.
.
.
. 1
0
.
.
.
.
.
.


(B3)
The operator a+i a
−
i+1, hene, desribes hopping from site i + 1 to i. Aording to the rules
desribed in appendix A, onservation of probability demands to introdue
di =


0
1
.
.
.

 . (B4)
The stationary state for HZRP (A2) an be obtained by a produt ansatz of the form
|P ∗ >= (1− z)


1
z
z2
.
.
.


⊗M
(B5)
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where the fugaity z is related to the ZR partile density via z = c
1+c
. For spae-dependent
hopping rates the same ansatz works with spae-dependent fagaity zi. This fugaity is
determined by the stationarity ondition
H|P ∗ >= 0 (B6)
whih together with
〈di〉 = zi (B7)
yields the reursion relation
j = Di(zi − zi+1) i 6= 0 (B8)
= D0(qz0 − q
−1z1). (B9)
Here we have assumed periodi boundary onditions with site M ≡ 0.
This reursion is solved in terms of the free parameter z0 by the relation
j = z0
q − q−1
D−10 + q
−1
∑M−1
i=1 D
−1
i
. (B10)
The fugaity z0 xes the loal density at site i = 0 and via (B7) all other loal densities. We
remark that zk − z1 = j
∑
i=1 k − 1D
−1
i whih by the law of large numbers implies a linear
fugaity prole on marosopi sale. For q = 1 (vanishing driving eld E = 0) we have
j = 0 and therefore onstant fugaities zk = z = c/(1 + c). In terms of the partile density
in the underlying SEP with N = M partiles this gives
z = 1− ρ. (B11)
[1℄ Kärger J and Ruthven D M 1992 Diusion in zeolites (John Wiley: New York)
[2℄ Kukla V, Kornatowski J, Demuth D, Girnus I, Pfeifer H, Rees L V C, Shunk S, Unger K and
Kärger J 1996 NMR studies of single-le diusion in unidimensional hannel zeolites Siene
272 702
[3℄ F. Keil, R. Krishna, M.-O. Coppens 2000 Modeling of diusion in zeolites Rev. Chem. Eng.
16 71
23
[4℄ Wei Q-H, Behinger C and Leiderer P 2000 Single-File diusion of olloids in one-dimensional
hannels Siene 287 625
[5℄ Perkins T T, Smith D E and Chu S 1994 Diret observation of tube-like motion of a single
polymer-hain Siene 264 819
[6℄ Shütz G M 1997 The Heisenberg hain as a dynamial model for protein synthesis - Some
theoretial and experimental results Int. J. Mod. Phys. B 11 197
[7℄ Lipowsky R and Klumpp S 2005 'Life is motion': multisale motility of moleular motors
Physia A 352(1) 53
[8℄ Nishinari K, Okada Y, Shadshneider A and Chowdhury D 2005 Intraellular transport of
single-headed moleular motors KIF1A Phys. Rev. Lett. 95 118101.
[9℄ Levitt D G 1973 Dynamis of a Single-File Pore: Non-Fikian Behavior Phys. Rev. A 8 3050
[10℄ van Beijeren H, Kehr K W and Kutner R 1983 Diusion in onentrated lattie gases. III.
Traer diusion on a one-dimensional lattie Phys. Rev. B 28 5711
[11℄ Spohn H 1983 Long-range orrelations for stohasti lattie gases in a non-equilibrium steady
state J. Phys. A 16 4275
[12℄ Derrida B, Lebowitz J L, and Speer E R 2002 Large deviation of the density prole in the
steady state of the open symmetri simple exlusion proess J. Stat. Phys. 107 599
[13℄ Bertini L, De Sole A, Gabrielli D, Jona-Lasinio G and Landim C 2002 Marosopi utuation
theory for stationary non-equilibrium states J. Stat. Phys. 107 635
[14℄ Liggett T M 1999 Stohasti Models of Interating Systems: Contat, Voter and Exlusion
Proesses (Berlin: Springer)
[15℄ Shütz G M 2001 Exatly solvable models for many-body systems far from equilibrium, in:
Phase Transitions and Critial Phenomena. Vol. 19, eds C Domb and J Lebowitz (London:
Aademi Press)
[16℄ Quastel J 1992 Diusion of Color in the simple exlusion proess Comm. Pure Appl. Math.
45 623
[17℄ Brzank A and Shütz G M 2006 Boundary-indued bulk phase transition and violation of
Fik's law in two-omponent single-le diusion with open boundaries Diusion Fundamentals
4 7.1-7.12
[18℄ Czaplewski K F, Reitz T L, Kim Y J and Snurr R Q 2002 One-dimensional zeolites as
hydroarbon traps Miropor. Mesopor. Mater. 56 55
24
[19℄ Rubinstein M 1987 Disretized model of entangled-polymer dynamis Phys. Rev. Lett. 59
1946
[20℄ Duke T A J 1989 Tube model of eld-inversion eletrophoresis Phys. Rev. Lett. 62 2877
[21℄ Toth B and Valko B 2003 Onsager relations and Eulerian hydrodynami limit for systems with
several onservation laws J. Stat. Phys. 112(3-4) 497
[22℄ Popkov V and Shütz G M Shoks and exitation dynamis in a driven diusive two-hannel
system J. Stat. Phys. 112(3-4) 523
[23℄ Shütz G M 2003 Critial phenomena and universal dynamis in one-dimensional driven
diusive systems with two speies of partiles J. Phys. A 36 R339
[24℄ Aslangul C 2000 Single-le diusion with random diusion onstants J. Phys. A 33 851
[25℄ Arratia R 1983 The Motion of a Tagged Partile in the Simple Symmetri Exlusion System
in Z Ann. Prob. 11 362
[26℄ Vasenkov S, Shüring A and Fritzshe S 2006 Single-le diusion near hannel boundaries
Langmuir 22 5728
[27℄ Vasenkov S and Kärger J Dierent time regimes of traer exhange in single-le systems Phys.
Rev. E 66 052601
[28℄ Drzewinski A, Carlon E and van Leeuwen J M J 2003 Pulling reptating polymers by one end:
Magnetophoresis in the Rubinstein-Duke model Phys. Rev. E 68 061801
[29℄ Antal T and Shütz G M 2000 Asymmetri exlusion proess with next-nearest-neighbor
interation: Some omments on tra ow and a nonequilibrium reentrane transition Phys.
Rev. E 62 83
[30℄ Popkov V, Rákos A, Willmann R D, Kolomeisky A B and Shütz G M 2003 Loalization
of shoks in driven diusive systems without partile number onservation Phys. Rev. E 67
066117 Part 2 JUN 2003
[31℄ Rakos A, Paessens M and Shütz G M 2003 Hysteresis in one-dimensional reation-diusion
systems Phys. Rev. Lett. 91 238302
[32℄ Spitzer F 1970 Interation of Markov Proesses Adv. Math. 5 246
[33℄ Shönherr G and Shütz G M 2004 Exlusion proess for partiles of arbitrary extension:
hydrodynami limit and algebrai properties J. Phys. A 37 8215
[34℄ Harris R J and Shütz G M 2007 Flutuation theorems for stohasti dynamis
ond-mat/0702553, to appear in JSTAT
25
[35℄ Katz S, Lebowitz J L and Spohn H 1984 Nonequilibrium steady states of stohasti lattie gas
models of fast ioni ondutors J. Stat. Phys. 34 497
26
